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14. ABSTRACT (concluded)

Fourth, it can switch seamlessly among different types of correlation/matching operations with a wide peak base for acquisition
and a narrow peak base for tracking. Fifth, the generalized correlation has a sharp peak with a reduced base width, thus making its
timing estimation more accurate and less sensitive to multipath.

In this paper, the generalized frequency-domain correlator (GFDC) is formulated and different implementation schemes for
spectrum filtering are presented. The experimental data (a set GPS data recorded on a large aircraft) are used to demonstrate the
ability of the GFDC to uncover closely-spaced multipath signals more easily than the conventional correlators. The practical issue
of limited signal bandwidth and its effects on both the conventional correlators and the GFDC are analyzed via computer
simulation.
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ABSTRACT

The generalized frequency-domain correlator
(GFDC) is introduced in this paper within the
framework of a software GPS receiver which
implements a frequency-domain baseband signal
processor. The use of a GFDC can offer several
advantages. First, as a generalization of the FFT-
implemented correlation with a block repetitive
processing capability, it enables fast acquisition
through simultaneous code delay and Doppler
frequency search. Second, it produces the delay-
Doppler map of (generalized) complex correlations
from which the joint code delay and carrier phase and
frequency error discriminator can be implemented for
grid tracking with the joint code and carrier loops,
thus blurring the line between acquisition and
tracking. Third, the same operation is applicable,
without any other changes except for the replica
code, to both the BPSK codes such as GPS C/A-code
and the BOC modulations such as M-code. Fourth, it
can switch seamlessly among different types of
correlation/matching operations with a wide peak
base for acquisition and a narrow peak base for
tracking. Fifth, the generalized correlation has a sharp
peak with a reduced base width, thus makes its



timing estimation more accurate and less sensitive to
multipath.

In this paper, the generalized frequency-domain
correlator (GFDC) is formulated and different
implementation schemes for spectrum filtering are
presented. The experimental data (a set GPS data
recorded on a large aircraft) are used to demonstrate
the ability of the GFDC to uncover closely-spaced
multipath signals more easily than the conventional
correlators. The practical issue of limited signal
bandwidth and its effects on both the conventional
correlators and the GFDC are analyzed via
simulation.

INTRODUCTION

At the heart of a GPS receiver is the baseband signal
processor made of correlators (or matched filters)
embedded in code and carrier tracking loops.
Successful correlating of the incoming signal with a
reference code enables a receiver to identify from
which GPS satellite the acquired signal originates, to
provide the processing gain necessary for code lag
and carrier phase and frequency estimation, and to
accumulate samples for navigation data bit sync and
demodulation. These and other pieces of information
extracted from the signal lead to the GPS observables
and satellite ephemeredes for ultimate finding of a
position, navigation, and time (PNT) solution
[Parkinson and Spilker, 1996; Kaplan, 1996; Tsui,
2000; Misra and Enge, 2001].

In conventional GPS receivers, since the incoming
GPS signal and the local replica are typically
quantized with a small number of bits, the correlators
can be implemented using extremely simple logic
circuits such as XOR followed by equally simple
accumulators (integrate-and-dump). Hundreds and
even thousands of such correlators have been
integrated in a single small-size low-power IC chip.
However, the time-domain implementation of a
correlation function as in most conventional GPS
receivers runs into certain inherent properties of
correlation that may become limitations for some
high performance applications.

For a maximum-length pseudo-random number
(PRN) code, its correlation function is ideally an
equilateral triangle with its base width being £T.
where T, = 1/f; is the chip duration and f. is the
chipping rate. See Figure 1 for illustration. To ensure
an acceptable level of signal to noise ratio (SNR), the
tolerable code delay error is limited to At = T./2 (this
produces the worst signal loss of 2.5 dB) and the
frequency error is limited to Af < 1/2T; where T; is the
despreading integration time interval (this introduces
another loss of 0.9 dB). Without knowing the signal

parameters as in a cold start, a GPS receiver has to
conduct an initial search sequentially in the time and
frequency uncertainty zone to reduce the signal
parameter errors prior to closing the tracking loops.

The shape of a correlation function is code-
dependent, thus requiring a special correlator
structure for each type of codes. For examples, the
binary phase shift keying (BPSK) type of codes such
as GPS C/A-code and P-code has its correlation
function of a triangle shape. In contrast, the newly
introduced binary offset carrier (BOC) modulation
such as M-code and L1C-code (under development)
as well as the European Galileo codes has numerous
nulls and sidelobes in its correlation function.
Although the mainlobe is narrow, the sidelobes are
not substantially smaller. Without special hardware
and software, a receiver runs the risk of being trapped
in nulls (i.e., missing detection) or locking onto a
sidelobe (i.e., biased measurements) [Fine and
Wilson, 1999; Betz, 2001].

It is well-known that timing measurements derived
from a correlation function are subject to multipath
errors. When the correlation function is sampled by
hardware or software correlators with a spacing of d,
any multipath signal with a delay t < (1+d)T, can
superimpose its own correlation onto the direct
signal’s. Since the composite correlation function is
distorted more on the late side than on the early side,
the symmetry is distorted with the zero crossing of
the delay error discriminator (the early-minus-late
correlation type) moved away from the true timing.
This multipath-induced timing error is translated into
the GPS ranging errors. In general, the smaller the
correlator spacing and chip duration, the smaller are
the multipath code errors. This explains why a P(Y)-
code has better multipath performance than a C/A-
code and why a receiver with narrow correlators can
reject multipath better. Again, this is also code-
dependent.

In this paper, we present some preliminary test results
of the newly introduced generalized frequency-
domain correlator (GFDC) with recoded GPS data
[Miller, Nguyen, and Yang, 2006]. It is a natural yet
proliferous extension of the Fast Fourier Transform
(FFT)-implemented correlation by incorporating
direct manipulation of the incoming signal, replica,
and correlation spectra. With the repetitive
processing capability for code delay and Doppler
frequency search [Yang, Miller, and Nguyen, 2006],
it produces a delay-Doppler map of the complex
correlation that blurs the line between acquisition and
tracking [Yang, 2001a].

With different spectral processing, the GFDC allows
for the implementation of a channel impulse response



[Yang and Miller, 2005] or a symmetric phase-only
matched filter (SPOMF) [Miller, Nguyen, and Yang,
2006] or both in a sequential manner. As one of the
main advantages, the GFDC is uni-modal without the
presence of multipath and does not depend on the
underlying code structure. As a result, the same
receiver architecture can be used for both BPSK- and
BOC-types of codes.

It further offers better multipath performance.
Ideally, the GFDC (e.g., the satellite signal channel
impulse response or the symmetric phase-only
matched filter) produces a Dirac delta function. It
thus has an infinite time resolution capability and is
immune to multipath. In practice, however, both the
GPS signals and receivers are band-limited to a half
of the sampling rate f;. The resulting peak is of the
shape of a sinc function with its first nulls at +T,,
where T, = 1/f; is the sampling interval. Even so, the
peak still has its base width much narrower than that
of a correlation function (i.e., Ty < T,). As such, it is
less sensitive to multipath than conventional
receivers [Yang and Porter, 2005]. In addition, it may
reveal the presence of close-in multipath signals that
are otherwise difficult to discern as they are lumped
into an enlarged conventional correlation peak. In
reality, however, the peak width T is determined by
the effective bandwidth f¢ of the GPS signal and the
transmitter-receiver combined (i.e., Ter = 1/fep).
Figure 1 illustrates the relationships where except for
the impulse Dirac delta function and the ideal
triangular correlation function, other functions
exhibit more or less the sinc-like shape.
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Moreover, a GFDC can benefit from such properties
of a frequency-domain GPS receiver as fast
acquisition with simultaneous search in time and
frequency, narrowband interference suppression,
joint code and carrier tracking with a joint error
discriminator [Yang, 2001a, 2003, 2004], and full-
band multi-code processing [Yang, 2005].

The rest of paper is organized as follows. The
concept and formulation of the generalized
frequency-domain correlator (GFDC) are first
introduced. The experimental data that are used in
this paper to test the GFDC are described next. The
processing results are then presented to demonstrate
the ability of the GFDC to uncover closely-spaced
multipath signals more easily than the conventional
correlators. Finally, the practical issue of limited
bandwidth and its effects on both conventional
correlators and GFDC are analyzed and compared via
simulation.

GENERALIZED FREQUENCY-DOMAIN
CORRELATOR (GFDC)

The generalized frequency-domain  correlator
(GFDC) is introduced in this paper within the
framework of a software GPS receiver which
implements a frequency-domain baseband processor
as shown in Figure 2. The use of a GFDC has several
advantages. First, as a generalization of the FFT-
implemented correlation with a block repetitive
processing capability, it enables fast acquisition
through simultaneous code delay and Doppler
frequency search. Second, it produces the delay-
Doppler map of (generalized) complex correlations
from which the joint code delay and carrier phase and
frequency error discriminator can be implemented for
grid tracking with the joint code and carrier loops,
thus blurring the line between acquisition and
tracking. Third, the same operation is applicable,
without any other changes except for the replica
code, to both the BPSK codes such as GPS C/A-code
and the BOC modulations such as M-code. Fourth, it
can switch seamlessly among different types of
correlation/matching operations with a wide base for
acquisition and a narrow base for tracking. Fifth, it
has a sharp peak in the generalized correlation with
the reduced width, which makes its timing estimation
more accurate and less sensitive to multipath.

This GFDC differs from the generalized cross
correlator (GCC) that has been used for radar and
sonar signal processing for delay estimation [Knapp
and Carter, 1976; Hassab and Boucher, 1979]. The
GCC is closely related to the coherence, a complex
quantity that is the cross-power spectral density
between two random processes divided by the



product of their auto power spectral densities. The
design goal of the GCC is to produce the highest
SNR correlation peaks in the presence of noise. The
optimum filter is designed with the spectral
characteristics of the noise assumed to be known. As
pointed out in [Wernet, 2005], some of these filters
alter the phase of the input functions, which could
bias the final output.

As shown in Figure 2, the GFDC accepts the
incoming signal s(t) and the code replica r(t) and
produces the generalized correlation function c(t)
between the two. This is the same input-output
behavior as other correlators. However, what makes
it different is the spectrum filtering, namely, U(f),
V(f), and W(f) applied along the signal processing
chain, as well as the feedback paths inserted in the
frequency domain. Clearly, when there is no
spectrum manipulation and feedback, it becomes a
simple straight FFT-implemented correlation.
Various spectrum filtering schemes can be applied
that makes the GFDC design versatile, which are
described below.
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Figure 2 — Generalized Frequency-Domain Correlator
(GFDC) Architecture

Examples of Spectrum Windowing/Filtering

GPS baseband signal processing is block-oriented
and a block (or a segment) of incoming signal
samples are operated upon during despreading
integration or correlation. For a frequency-domain
baseband processor, the “overlap and discard”
algorithm is typically used to implement the
correlation over T; [Yang, 2001b]. It calls for 2T; of
incoming signal samples so as to contain at least a
code sequence free of navigation data bit sign
reversal whereas the replica samples of T; are
appended with T; zeros to have the same length. For
the purpose of this paper, it suffices to denote the
number of samples per block by N. In reference to
Figure 2, introduce the following array (vector)
notations for the input and output data per block and
their relationships:

s=[st),t=0,1,.. N-1]" (1a)
S=[S(f),f=0,1, .., N-1]" (1b)

S(f) = FT{s0)) = Y s expi 2 (I¢)
(1d)

S0 = IFT(S(1)} = 3 s(Dexpt 2
f=0

where the superscript T stands for vector or matrix
transpose, FT{-} and IFT{-} represent the Fourier
transformation and inverse Fourier transformation,
respectively, and the time index t is relative to the
first sample of the block, which is typically time-
tagged in terms of the receiver clock ticks.

r=[r(t),t=0,1,.. N-1" (2a)
R=[R(f),f=0,1,..,N-1] (2b)
R=FT{r} (2¢)
r=FT{R} (2d)

where FT{-} and IFT{-} are also used to relate the
Fourier transform and inverse Fourier transform of
the entire data blocks, respectively.

c=[ct),t=0,1,.. N-1]" (3a)
c=[C(),f=0,1, .. N-1] (3b)
C=FT{c} (3¢)
c=FT{C} (3d)

The (generalized) correlation spectrum is related to
the filtered input signal and replica spectra, on a
frequency bin to bin basis and in vector formats,
respectively, by:

C(f)=5(f)C"(f),f=0,...,N-1 (4a)
C =diag{S!C =[S(f)C (), f =0,l,..,N—1]" (4b)
where the superscript * stands for complex conjugate
and diag(v) stands for a diagonal matrix with its
diagonal elements specified by the vector v.

There are two types of spectrum filtering involved in
the generalized frequency-domain correlator. The
first is an operation that is applied to individual
frequency bins. This can occur to the incoming signal
spectrum, the replica spectrum, and the correlation
spectrum as well. Due to the linear nature of the
operation in Eq. (4), these per bin filtering operations
can be either lumped together at one place (which has
computational advantages) or separated (which
makes the filtering easier to understand). The second
type of operations involves the entire spectrum and is
therefore sensitive to the order in which it is placed
along the processing chain.

In the following, we introduce some filters and
additional filters can be found in [Miller, Nguyen,
and Yang, 2006].

Spectrum Excision of Narrowband Interference.
Being spread spectrum, the GPS signal is below the
thermal noise. Any spikes in the signal spectrum are
attributed to interference and as such, the spectrum



values at those frequency bins can be removed and
replaced with zeros. This requires continuous
monitoring of the spectrum and power-detection
against a pre-defined threshold [Yang, Vasquez, and
Chafee, 1999]. The operation of excision can be
viewed as passing the signal through a notch filter in
the time domain or equivalently as multiplying the
spectrum with zero at those frequency bins of
interference. To remove an interference component at
the k™ frequency bin, the following operation is
applied:

S=uks (5a)
Uf =diagil, 0 1i.) (5b)

where 1, is a vector of n ones (1’s). The subscript of
U is used in this (i = 1) and the following notations (i
= 2, 3, 4) to indicate the different type of
windowing/filtering. The operation can be repeated
for all frequency bins of interest. It is implied that the
same operation is applied to both corresponding
positive and negative frequency bins at the same time
if the signal is real-valued. Two popular ways to
apply this spectral filtering are (1) zone-zeroing and
(2) individual excision. The net effect of n operations
from k; to k, is given by:

Ul:Ulk"‘..Ulkw (6)

Spectrum Segmentation of Multiple Codes. When it
is desired to process each GPS signal band (L1, L2,
or L5) while the full spectrum is available from a
wideband receiver, the spectrum for individual codes
can be extracted from the full band spectrum
separately [Yang, 2005]. The operation can be
viewed as passing the signal through a bandpass filter
in the time domain or equivalently as selecting the
spectrum at those frequency bins of interest. Both are
linear operations. Assume we want to segment the
spectrum at frequency bins from i to j. The following
matrix multiplication implements an ideal bandpass
filtering:

S=ulls (72)
U} =diag([0] .17 ,.0% ;D) (7b)

j-i+le
where 0, is a vector of n zeros (0’s).

Spectrum Translation for Residual Doppler
Removal with Feedback. The residual Doppler in the
incoming signal appears as a multiplicative sine or
cosine term to the code sequence, thus introducing a
phase change from sample to sample. It is typically
removed by multiplying the incoming signal with a
carrier replica in the form of complex exponential at
the desired Doppler frequency. This time-domain
phase rotation is equivalent to spectrum translation in
the frequency domain [Yang, Vasquez, and Chafee,

1999]. To remove a residual Doppler of +dAf Hz
where Af is the frequency resolution (i.e., the width
of each frequency bin), the spectrum is down (up)-
translated by d bins.

§=u’s (82)
U= (8b)
[0 0, 1oLy
N (8¢)
U d#0 _ 0 QN*} 0 1
50 _

where the first non-zero element of the first row is at
the d™ column when d > 0 and at the (N+d)™ column
when d < 0. Since the matrix multiplication in Eq.
(8a) is equivalent to index permutation, practical
implementation resorts to circular shifted indexing of
the array rather than actual matrix multiplication.

Without knowing the residual Doppler frequency, the
initial search will select a large value for d so as to
cover the frequency uncertainty interval. However, in
the tracking mode, the estimated Doppler and its
uncertainty will reduce it to a small interval from dy-1
to dyt+1 for instance where d, is the closest bin to the
estimated frequency. The top feedback line shown in
Figure 2 indicates the need to repeat the operation for
each and every frequency bin, producing a delay-
Doppler map of generalized complex correlations.

Spectrum  Windowing/Filtering. The spectrum
windowing/filtering can be expressed as:

U, = diag{[U(f), f =0,..,N —1]} (%a)

UGty Yo »@=0%1,2 (9b)
S(H)

U(f): Uo/fsﬁ:%vl (9C)
R(7)

where Uy is a real constant and o and 3 are design
parameters with typical values given.

With Eq. (9b), the incoming signal spectrum is
normalized by the incoming signal spectrum
magnitude exponentially raised to the order o
whereas with Eq. (9¢), it is normalized by the replica
spectrum magnitude exponentially raised to the order
B. Without noise and other unknown effects on the
incoming signal, the two operations would be exactly
the same.

Since the GPS signal spectrum falls off with
increasing frequency, the inverse magnitude
windowing function of Eq. (9b) or (9¢) acts as a high-
pass filter, which tends to emphasize the edge



information without affecting the phase information.
Since high frequency information decorrelates
quickly, it helps to produce a very sharp correlation
peak. This operation equalizes the magnitude
spectrum, thus keeping the phase-only information.

The above spectrum filtering techniques can also be
applied to the replica spectrum, although it may not
serve the same purposes and not all of them are
applicable at the same time. For example, instead of
down-converting the incoming signal from IF to
baseband, it is possible to up-convert the code replica
from baseband to IF so as to catch up with the
incoming signal by accounting for the unknown
Doppler shift. This operation is similar to the
spectrum translation described above.

Similarly, a windowing function can be applied to the
(generalized) correlation spectrum. This can shape
the correlation function for the inverse Fourier
transform to be taken. Design goals include (1)
reducing the sidelobe level, (2) maximizing the
correlation peak, and (3) narrowing the mainlobe.
However, these goals typically are not compatible to
each other. Reducing the sidelobe level comes at a
price of enlarging the mainlobe. Another useful
operation is to evaluate the correlation function at a
desired code lag. In the acquisition mode, since the
code phase is unknown, a large interval of code phase
(timing) uncertainty is searched. However, once in
the tracking mode, the estimated code phase and its
uncertainty can be used to place code lags where the
correlation function is evaluated [Yang, 2003]. The
bottom feedback line shown in Figure 2 indicates the
number and location of the code lags to be evaluated.

When the spectrum windowing functions Uy and V4
are considered, the equivalence between the separate
filtering operations and the joint filtering operation
can be established as follows. Referring to Figure 2
again, we have:

C =WC =Wdiag{S}R " =Wdiag{U,S}V,R"
=WU,V,diag{S}R" =W C (10)

where W = WU,V, and & = diag{S}R".

Since Uy is a diagonal matrix, it is easy to show that
diag{U,S} = U,diag{S}, which is used to derive the
last equality in Eq. (10).

Schemes for GFDC Implementation

Given the possible ways to filter the incoming signal,
replica, and correlation spectra jointly or separately,
we consider five special cases for the GFDC
implementation.

Correlation Function. In the first case where U(f) =
V) =W =1forf=0, 1, ..., N-1, the generalized
correlation spectrum becomes:

C(H) = S(HR*(H) (11a)
c(t) = IFT{C()} (11b)

Eq. (11a) is the conventional correlation spectrum
and Eq. (11b) is the FFT-implemented -cross-
correlation.

Signal  Channel Transfer  Function/Impulse
Response. In the second case where U(f) = V(f) =
I/R(f)] and W(f) = 1 for £ =0, 1, ..., N-1, the
generalized correlation spectrum becomes:

C(f)ZS(f)R*(zf)sz) (12a)
IR(D R(F)
h(t) = IFT{C(f)} (12b)

Eq. (12a) is also called the GPS signal channel
transfer function and Eq. (12b) is the corresponding
impulse response.

Although V(f) = 1/[R(f)] effectively extracts the
phase-only information from the replica R(f), U(f)
may fail to do so because S(f) generally differs from
R(f) due to residual Doppler and noise. By
consequence, some spectral spikes show up near
multiples of chipping rate where noise dominates. To
suppress such noise amplification effects, spectral
filtering such as zone-zeroing and individual excision
can be applied [Yang and Porter, 2005; Yang and
Miller, 2005].

Phase-Only Matched Filter (POMF). In the third
case where U(f) = 1, V(f) = l/|R(¥)|, and W(f) =1 (or
equivalently, U(f) = V(f) = [R(H)|”* and W(f) = 1) for f

=0, 1, ..., N-1, the generalized correlation spectrum
becomes:
C(f):S(f)R () (13)

IR(H)|

In this operation, the incoming signal is correlated
with a phase-only version of the replica, hence the
name “phase-only.” Since the incoming signal may
differ from the replica greatly in magnitude, the
POMF may perform poorly in some cases.

Symmetric Phase-Only Matched Filter (SPOMF).
In this case where U(f) = 1/|S(f)|, V(f) = 1/R(f)|, and
W) =1 for £ =0, 1, ..., N-1, the generalized
correlation spectrum becomes:

Cihy= sm[R(f)} __S(DR'() (14)

RGO IEREGILEN

In Eq. (14), S(f)/|S(f)] removes the magnitude
information from the incoming signal spectrum and
retains only the phase information. Similarly,



R(f)/|R(f)| removes the magnitude information from
the code replica spectrum and retains only the phase
information. The equalization is applied to both the
incoming signal and replica, hence the name
“symmetric.” Since both the incoming signal and
replica amplitude contents are involved in weighting,
the spectral filtering is therefore “balanced.”

Eq. (14) can also be viewed as the normalization of
the correlation spectrum S(R'(f) by its magnitude
spectrum | S(HR" ().

Square-Root Normalized Correlation.  Another
variation is to normalize the incoming signal and the
replica spectra with the square root of their respective
magnitude spectrum, that is, U(f) = [S(H)[”, V(f) =
R(O™, and W(f) = 1 for £ =0, 1, ..., N-1, the
generalized correlation spectrum becomes:

_ SR (15)
[SCOIRCE

The generalized correlation as defined above
involves, in one form or another, the division
between the spectra of the incoming signal and its
replica, which can be viewed as the output and input
of a linear system, respectively. At a first glance,
there may be a stability issue if the denominator
contains a minimum-phase filter (as is mostly the
case) which cannot be perfectly canceled in the
spectrum normalization (division) because the
numerator and denominator represent different
filtering. However, with proper handling of those
spectral lines with zero or small values, the operation
is stable. This can be understood as the problem of
identifying a well-behaved linear stable system (i.e.,
the generalized correlation). No matter what an
excitation (the denominator, provided it is rich
enough) is applied to the system, the system model
can be recovered from the response (the numerator).

Ideally, a flat infinite spectrum produces a Dirac delta
function in the time domain. By eliminating the shape
information from the two input spectra, the phase
only filtering (attenuating the magnitude information
and accentuating the phase information in the
frequency domain) can sharpen the correlation peak
in the time domain.

The importance of phase in signals has been
recognized for many applications in which a signal
can be recovered completely or in part from
knowledge of its phase alone. In a number of
contexts [Oppenheim and Lim, 1981], the Fourier
transform’s phase data contains more of the
“important” information than the Fourier transform’s
magnitude data. In a sense, the phase reflects the
location of “events” more than the magnitude

whereas the magnitude contains information more
relevant to the size and shape of an object. The time
shift property is an example: a translation in position
(time or space) of a signal has no effect on the
Fourier transform magnitude but only affects the
phase by adding a linear phase term.

Conditions are given in [Oppenheim and Lim, 1981]
under which the spectral magnitude is uniquely
specified to within a scaling factor by its phase
function. For example, the log magnitude of the
Fourier transform is the Hilbert transform of the
phase of a signal with all poles and zeros lying in the
left half (the minimum-phase condition) or in the
right half of the s-plane (the maximum-phase
condition).

Since the autocorrelation function of phase-only
signals is always an impulse, this feature has been
used in designing methods for image registration and
recognition [Chen, Defrise, and Deconinck, 1994]
and digital image velocimetry [Wernet, 2005].

PRELIMINARY TEST RESULTS AND ANALYSIS

After describing the test data used in our study, we
will present the processing results with the GFDC,
focusing on its ability to uncover multipath as
compared to conventional correlation.

Description of Test Data with Multipath

The recoded data used for this study were described
in detail in [Akos et al., 2004]. It was collected on the
back of a large aircraft when it was stationary near a
hugger and during the flight with bank and turn
maneuvers. The presence of multipath in the data was
confirmed by analysis and other processing methods
as described in the paper.

The data were collected with a special RF front-end
designed specifically for the experiment. Due to the
fact that any airframe multipath is expected to be
short-delay multipath arriving soon after the direct
signal, the operational bandwidth of the front-end
was increased to 6 MHz (double sided) in order to
better distinguish this type of multipath. The increase
in bandwidth was a compromise between correlation
peak sharpness and the required storage and
processing rates. The L1 signal at 1575.42 MHz is
beat with a LO at 1527.68 MHz. The resulting IF
frequency is at 47.74 MHz. The final BPF 3 dB
bandwidth is 6 MHz, which is larger than a typical
choice of 2 MHz.

The sampling frequency was selected quite
specifically at 17.357737 MHz (adjusted away from
the initial frequency specification of 17.36 MHz) so
that problematic harmonic components fell directly



between two adjacent VHF channels, thus
eliminating the undesired interference problem. The
signal was quantized in 4 bits.

Figure 3 shows the power spectrum density in dB. It
was calculated using 8192-point FFT averaged over
the first 10 data points (using the MATLAB
function psd). The mean value was removed from the
data prior to the spectrum estimation. Otherwise,
there would be a strong component at DC. The mean
value is -0.6294 over 10%° data points, a significant
bias due to the particular ADC/sampling scheme
used. This DC component can be seen from the time-
domain waveform where the negative full scale (-8)
was more frequent than the positive full scale (7).
The sample histogram is shown in Figure 4, which
exhibits a fair resemblance to a Gaussian shape.

Uncovering of Multipath with GFDC vs.
Conventional Correlation

One purpose of this study is to determine if the
GFDC can indeed more easily uncover multipath
from real GPS data than the conventional correlation.
In this preliminary study, we performed coarse search
of three satellites, namely, SVN2, 8 and 28. The
despreading integration is 1 ms. The code delay
search step is one sampling interval At = 1/f; with f; =
17.357737 MHz, which is about 0.05894 chips, a
rather fine value as the correlator spacing. The
frequency search step is 500 Hz. In the acquisition
mode without closed-loop tracking, a further
reduction of the frequency search step may be used to
minimize the effect of residual Doppler.

Since the code correlation is done over 1 ms, large
variations are expected for sample behavior. Figures
5 and 6 show the correlation and normalized
correlations for SVN2, respectively. The normalized
correlation is another name for the generalized
correlation, which we use interchangeably in this
paper. The particular normalization in this example is
the square-root normalized correlation as defined in
Eq. (15). Figure 6 is clearer than Figure 5 to indicate
the presence of a possible multipath in the late side
(SVN2 is known to be subject to strong multipath).

At a first glance, the variations in the normalized
correlation may be averaged out over time with more
data. Without explicit tracking of the multipath
components, only non-coherent integration is
possible. Even with non-coherent integration, the
sampling points of code delay may vary from block
to block. Since the code and carrier replicas are tuned

to catch up with the direct signal, their correlation
with the multipath components actually penalizes it
because of large frequency error losses.

It is interesting to note that the correlation power at
the search Doppler bin plus one (red) is about the
same as at the search Doppler bin minus one (blue) at
the peak location (around 40) in Figure 5. This
indicates that the search Doppler bin is quite close to
the underlying signal frequency without a significant
error. However, at the secondary peak (around 50),
the correlation power at the search Doppler bin plus
one (red) is higher than that at the search Doppler bin
minus one (blue), indicating that the underlying
signal frequency may be larger than the search
Doppler bin. In other words, the frequency error of
the multipath signal differs from that of the direct
signal.

The observation is more evident with the normalized
correlation in Figure 6. This suggests the possibility
to implement a rake receiver with one tracking
channel locked on to the direct signal and another on
to the detected multipath signal. It appears that the
normalized correlation in Figure 6 is clearly better
than the conventional correlation in Figure 5 for the
detection and eventually tracking of the multipath
signal.

Figure 7 compares the conventional and normalized
correlation functions together in the same plot at the
search Doppler bin. The normalized correlation is
more volatile than the conventional correlation in
terms of sample variations and noise floor. As shown,
the peak width is not significantly reduced because
the filter’s 3 dB bandwidth of 6 MHz is not much
larger than 2 MHz of the signal. Nevertheless, the
peak shape of the normalized correlation is indeed
narrower than the conventional correlation.

Figures 8 and 9 show the comparison between the
conventional correlation and normalized correlation
for SVN8 and SVN28 at their search Doppler bin,
respectively. It is clear from both figures that the
normalized correlation has a narrower peak shape (by
half) than the conventional correlation. Also note that
the correlation peak values for the three satellites are
between 3000 and 4000. This is consistent with what
were shown for 1 ms integration in [Akos et al.,
2004] (e.g., 3000 in Figure 17 and 4000 in Figure 23
of the paper).
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EFFECTS OF SIGNAL/RECEIVER BANDWIDTH

As shown in Figure 6, the normalized correlation appears
to be a better indicator than the conventional correlation
to reveal the presence of multipath because the green
curve can tell the two peaks apart more clearly than the
blue curve. However, the sharpness of a peak is affected
by the effective bandwidth of the signal as it is limited by
the modulating code, the transmitter, and the receiver as
well. In addition, an ideal replica is used rather than the
true frequency response of the transmitter-propagation-
receiver’s shaping filter. To assess these two aspects, we
conducted the following simulations with the results
analyzed below.

In the simulation, the initial carrier phase is drawn
uniformly from 0 to 2n. A residual Doppler of 100 Hz is
used. A complex Gaussian noise of unity variance is
added. The signal amplitude is adjusted to simulate the
desired C/Nj level with T; = 0.001 s according to:

C/Ny

A=(T10 10 )

(16)

The ms boundary in the simulated signal is set between
two sample points (0.45). The incoming signal is passed
through a 3™ Butterworth lowpass filter with cutoff
frequency selected for different bandwidth. The signal is
sampled at 16 MHz.

Bandwidth Effect on Conventional Correlation (o = 0)

The ideal replica code is used to correlate with the same
incoming signal passing through four prefilters: no
prefiltering, a prefilter with a cutoff frequency at 5 MHz,
a prefilter with a cutoff frequency at 3 MHz, and a
prefilter with a cutoff frequency at 1.5 MHz. The
correlation is given in Eq. (11). The results are shown in
Figure 9. To facilitate the comparison, the three curves
are adjusted to align up in Figure 10.

The bandwidth has 4 effects: (1) round up the correlation
at the peak, (2) lower the amplitude, (3) enlarge the base
width, and (4) shift the peak due to group delay. The first
three effects can be seen more clearly in Figure 10.

When the replica code is pre-filtered in exactly the same
way as the incoming signal, the results are shown in
Figure 11. Comparing Figure 11 with Figure 10 shows
that, except for the amplitude and code shift, there is no
much difference between the two in terms of the peak
shape. This means it is acceptable to use the ideal code as
the replica as far as the peak shape is concerned when
conducting the conventional correlation.

11

Bandwidth Effect on Replica-Normalized Correlation
(@=1)

When the correlation spectrum is normalized by the
squared magnitude spectrum of the ideal code replica, it
produces the impulse response of the satellite signal
channel as defined in Eq. (12). Individual excision is
applied to remove spurious spikes near multiples of the
code chipping rate [Yang and Miller, 2005]. Figure 12
shows the impulse responses for signals with different
bandwidths. Both the height and width of the peak are
affected by the signal bandwidth. The curves were
manually shifted in time for easy comparison.

When the correlation spectrum is normalized by the
squared spectrum of the matched code replica, it still
produces the impulse response of the satellite signal
channel. But there was no need to align the normalized
correlation functions for the matched replicas as shown in
Figure 13 whereas the curves in Figure 12 have been
shifted in time manually in order to display them together.
The peaks in Figure 13 are only slightly different from
(higher and narrower than) those in Figure 12 due to the
matched filtering of replica. By consequence, the
improvement if any may not warrant the use of a matched
replica because of the amount of computation as far as the
peak shape is concerned.

It can be seen from both Figures 12 and 13 that the replica
normalized correlation (i.e., the impulse response) for the
case where there is no prefiltering (not for the cases with
prefiltering) exhibit sidelobes at +T. off the main peak.
This can be understood as follows. Assume that the signal
spectrum Sy(f) subject to a delay D in additive noise,
together with the replica, is given by:

S(f) = Ae>PS(f) + N(f) (172)
R(f) = Se(f) (17b)
The corresponding impulse response is:
o= 30 _TAPS, () + N(DIS, (F)
R(T) S,(f)S,(f)
:Ae’jz"fDJr& (18)
So()

When there is no noise, N(f) = 0, C(f) = Ae™™,
Theoretically, this C(f) is of constant magnitude and
produces at D a single peak of a sinc-function with its
nulls at +T;. However, due to the discrete sampling nature
of the underlying spectrum, S(f) and R(f) differ more than
a complex exponential. In reality, the normalized
spectrum is as shown in Figure 14 where the constant
amplitude still holds for low frequencies but spikes show
up at higher frequencies particularly around multiples of
the chipping rate (which are amplified by the inverse of
the signal spectrum which reaches nulls at the multiplicity
of £.).
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When converting the normalized spectrum Eq. (18) from
the frequency domain back to the time domain, the
normalized spectrum will be multiplied by the kernel
function as:

(19)

where T, is the chip interval and n is the integer
representing multiplicity of chip intervals.

exp{j27f (D£nT,)} =exp{j24D}exp{t j24nT }

The first term on the right hand side of Eq. (19) will
cancel out with the numerator of the first term of Eq. (18).
This leaves ¢"2™™¢, which has a periodicity of T.. The
spikes, at multiples of the chipping rate as shown in
Figure 14, contribute to the building up of sidelobes at
D=T.. Also evident from the figures, the sidelobes do not
appear for the cases with prefiltering, which taper off the
harmonic contributions rather rapidly.

Before taking the inverse Fourier transform, individual
excision is applied to remove spurious spikes near
multiples of the code chipping rate from the spectrum.
With such spectrum filtering, the noise floor is lowered
and the sidelobes (for the no prefilter case) are smaller but
the main peak is widened from two samples per peak to
about four samples per peak in Figures 12 and 13.

Assume that the signal passes through a filter H(f). The
received signal and its matched replica can be written as:

S(f) = [AeT™PS(f) + N(f)JH(f) (20a)
R() = H(H)So(f) (20b)

where N(f) is the noise spectrum. The replica-normalized
correlation is:

CS(f) _[AePPs () + N(F)IH(F)H (F)S,(f)

Cm_R(f)_ H(f)S,(f)H (F)S;(f)
— Aeij/?fD + N(f) |ﬂ S fef (21)
S,(f)

where fo; is the effective bandwidth of the signal and
transmitter-receiver combined.

Eq. (21) looks the exactly the same as Eq. (18). Beyond
the effective bandwidth, the spectrum normalization
becomes “0/0 = 1” and it does not contain any useful
information. This indicates that the height and width of
the generalized correlation peaks is commensurate with
the effective bandwidth f.4. In contrast, the conventional
correlation peaks are proportional to the code chip as
shown in Figure 11. Also note that the excision threshold
for spike components is another design parameter to trade
for a particular implementation.

Bandwidth Effect on Normalized Correlation (o. = 1)

When the correlation spectrum is normalized by itself, it
produces the symmetric phase only matching as defined
in Eq. (14) [Miller, Nguyen, and Yang, 2006]. With the
ideal code replica, Figure 15 shows the symmetric phase-
only matching for signals of different bandwidths. The
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peak width is affected by the signal bandwidth: the green
and red curves vs. the blue curve. It is interesting to note
that without the matched prefiltering (the blue curve), the
response has two spikes at the conventional correlation
nulls. For the narrowly filtered signal (the aqua curve), no
global peak appears at the true timing but spikes around
it.

With the matched replica, Figure 16 shows the symmetric
phase-only matching, which all have about the same
shape and are independent of the signal bandwidth. The
width is slightly larger than two samples per side as
predicted by the theory (2Ty).

Different from the replica-normalized correlation,
sidelobes off the main peak by +T, are observed for the
normalized correlation with and without prefiltering
(except for no noise case). To understand this, express the
normalized correlation spectrum for the matched and
unmatched replicas, respectively, as:

S(OR™(f) _ [Ae*™S,(f)+ N(F)IH(HH (S, ()
Cmalched (f) = =

S(OR(F)|  [[Ae*S,(£)+ N(HIH(FH (£)S;(f)]
“+Ae’j’:‘+f3)o(f)‘
1+ g0 ()
0+ amsog ;)

(22a)

— gi2AD

eWH( _ o

C (f)=e*i2ﬂfD (f)ei¢[H(f)]

unmatched matched

(22b)
where ¢[H(f)] represents the angle of H(f).

The numerator of Eq. (22a) is plotted in Figure 17 with
N(f) =1 and A = 1.It shows an average value (spectral dc
component) at 1 and spikes at multiples of the chipping
rate. The latter explains the building of sidelobes at D=T,
as shown in Figures 15 and 16.

It has been observed that for the cases with a matched
replica there is a rather significant peak appears at the
zero delay, which corresponds to a spectral average value
as shown in Figure 17. This bias can be ignored or
removed from the dc component of the inverse Fourier
transform. With unmatched replicas, the dc component is
scrambled by the extra phase term as shown in Eq. (22b)
and there is therefore no peak at the zero delay.

In the matched replica case, although the filter H(f) does
not show up in Eq. (22a) because of cancellation, S(f) and
R(f) contains no information beyond the -effective
bandwidth, [f] < f.4. However, the magnitude of Eq. (22a)
is always of unity. In the unmatched case, the magnitude
of Eq. (22b) remains to be unity but there is an extra
phase term related to the filter, which is cause of the
differences between Figures 15 and 16. This suggests that
for the normalized correlation, it is preferred to use the
matched replica for better performance.



Bandwidth Effect on Square-Root Normalized
Correlation (o = %)

Figure 18 shows the square-root normalized correlations
between the incoming signal of different bandwidths and
the ideal replica as defined in Eq. (15). Figure 19 is the
same as Figure 18 except that the four curves are
manually shifted together for easy comparison.

Without prefiltering, sidelobes located at D+T. are
observed for the square-root normalized correlation for
similar reasons explained in Section 4.2 for the replica-
normalized correlation (i.e., the impulse response) and in
Section 4.3 for the normalized correlation (i.e., the
symmetric phase-only matching).

The square-root normalized correlation has a peak shape
similar to, but with a base width larger than, the replica-
normalized correlation as shown in Figure 12. The
square-root normalized correlation is affected by the
signal bandwidth in four ways: (1) round up the
correlation at the peak, (2) lower the amplitude, (3)
enlarge the base width, and (4) shift the peak due to group
delay.

Figure 20 shows the square-root normalized correlations
between the incoming signal of different bandwidths and
the bandwidth-matched filtered replica. The use of filtered
replica did not bring any improvement in the correlation
shape but rather catches up with the extra code shift due
to group delay. No curve alignment was needed.

Figure 21 shows the four square-root normalized
correlations as compared to the ideal conventional
correlation. They all have smaller peak width than the
conventional correlation although it becomes less
advantageous as the bandwidth becomes smaller and
smaller.

It is interesting to note that the square-root normalized
correlation starts to sharpen its peak when closer to 1/3 of
the code chip. It has lower noise floor than the replica-
normalized correlation. Although it has a wider base, its
peak becomes narrower than the replica-normalized
correlation once within 1/3 of a code chip. The
comparison of these three correlation functions are shown
in Figure 22.

Additional simulation results for such aspects as code-
independence and multipath performance of the
generalized frequency-domain correlator can be found in
[Miller, Nguyen, and Yang, 2006].

CONCLUSIONS

In this paper, the generalized frequency-domain correlator
(GFDC) was introduced with its advantages analyzed for
use in a software GPS receiver. Various implementation
schemes of the GFDC were formulated. A set of GPS data
recorded on a large aircraft were used to demonstrate the
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ability of the GFDC to uncover closely-spaced multipath
signals more easily than the conventional correlators.

sr-normalized correlation: 3" butterworth prefiltered signal vs. matched replica
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In addition, the practical issue of limited bandwidth and
its effects on both the conventional correlators and the
GFDC were analyzed via simulation. It showed that any
limit in signal bandwidth not only flattened the
conventional correlation at the peak but also enlarged its
base width beyond the nominal code chip duration. It is
this enlargement of the base width that makes the
conventional correlation vulnerable to multipath. In
contrast, the base width of the normalized correlation
peak was also affected by the bandwidth of signals. But it
remained smaller than the conventional correlation (up to
the inverse of the effective bandwidth). It is this
advantage that enables the normalized correlation to have
a better multipath performance and a more accurate
timing estimation.

As shown in the paper, it was difficult to perform
coherent integration for both the direct and multipath
signals at the same time because of their difference in
frequency. To extend the snapshot results presented in
this paper to much longer periods, it is necessary to
conduct separate tracking for the multipath signals at the
same time as the direct signal in order to gain better
assessment. The generalized frequency-domain correlator
tuned to the direct signal, with its narrow peak base width,
may also serve as the joint code and frequency error
discriminator for the multipath signals. Efforts are under
way to evaluate this idea for multipath capturing and
analysis.
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